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Abstract 

We study D-branes in the Nappi-Witten model, which is a gauged WZW model 
based on (S'L(2,R) x SU{2))/{U{1) x 17(1)). The model describes a four dimensional 
space-time consisting of cosmological regions with big bang/big crunch singularities 
and static regions with closed time-like curves. The aim of this paper is to investigate 
by D-brane probes whether there are pathologies associated with the cosmological 
singularities and the closed time-like curves. We first classify D-branes in a group 
theoretical way, and then examine DBI actions for effective theories on the D-branes. 
In particular, we show that D-brane metric from the DBI action does not include 
singularities, and wave functions on the D-branes are well behaved even in the 
presence of closed time-like curves. 
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1 Introduction 


The formulation of string theory in cosmological or broadly time-dependent back¬ 
grounds still remains as one of the most exciting open challenges for theoretical physi¬ 
cists. Among other things, it is important to see how (whether) string theory resolves the 
cosmological singularities (or not). Some recent attempts along this direction have been 
made in [BEiiniiiiEiiniiiiiHiiniiiniiiiiiniiin]. In this paper, we investigate the Nappi- 
Witten (NW) model [HI |T3] as a conformal held theory (CFT) model that includes big 
bang and big crunch singularities. This model is dehned as an SL{2,'R) x SU{2) WZW 
model gauged hj U{l)xU{l) in an asymmetric way. Therefore we can solve it exactly and 
gain some understanding of the behaviour of strings across these singularities. Similar 
attempts have been made to understand the cosmological backgrounds by using gauged 
WZW models, e.g., in unmaiiHiiiniEni. 

The NW model describes a four dimensional anisotropic universe that starts at a big 
bang singularity, expands for a while, ends at a big crunch singularity within a hnite 
affine time, and again starts at another big bang singularity. It was argued in ra that 
strings across these singularities make sense because the theory is dehned as a coset CFT. 
This may be related to the fact that strings have a hnite length scale Is and may go 
through the singularities. As described in HSI, the coset contains, in addition to copies 
of the cosmological regions, non-compact and time independent (static) regions known as 
whiskers. The whisker part of the full space-time contains closed time-like curves (CTCs), 
which seems to be unacceptable for any measurable quantity like S-matrix. Nevertheless, 
these CTCs are argued to be necessary for dehning the observables in terms of gauged 
WZW model [H]. 

Hence we would like to ask a question, whether studying the dynamics of D-branes 
sheds more lights on the understanding of big bang/big crunch singularities and CTCs. 
This is a non-trivial question because the D-branes, or the open strings ending on them, 
feel the background geometry in a different way. In particular, DO-brane is an useful 
candidate to probe the singularities, because the point particle could probe directly the 
singular points. In fact, the singularities are at strong coupling regions, thus D-branes may 
serve as more effective probes than strings. Moreover, we might expect that the effective 
theories on D-branes wraping the CTCs include pathologies associated with CTCs. This 
is an analogous situation to D-branes in a supersymmetric Godel-type universe |21j.^ 

The organization of the paper is as follows. In section |21 we review the geometry of 

^See, e.g., for recent discussions on CTCs in supersymmetric Godel-type 

universes. 
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the quotient CFT background (S'L(2,M) x SU{2))/{U{1) x U{1)) [T^ ITK] . where we fix 
the notation and summarize the properties of the geometry. In section 13 we investigate 
D-branes in the cosmological regions. Branes in the coset theory are constructed to 
descend from maximally symmetric and symmetry breaking branes in SL{2,'R) x SU{2) 
WZW models [211 EDI- We use the DBI analysis to investigate by D-brane probes the 
geometry especially near the singularities. In particular, we show that the singularities 
are cancelled in the DBI action, so the D-brane metric does not include singularities. We 
also find that the classical solutions reproduce the group theoretic results. In section El 
we investigate D-branes in the whisker regions. The trajectories of the D-branes are also 
classified in a group theoretical way, and the DBI action is used to probe the geometry by 
the branes. Open string spectrum on the D-brane wrapping CTCs can be read off from the 
eigenfunction of Laplacian in terms of open string metric and open string coupling EH- 
We see that the spectrum does not include any pathology associated with CTCs. Section 
m is devoted to a detailed study of the wave functions in various sectors of the model. 
Finally, we conclude in section El with discussions and some open questions. Appendix 1X1 
includes a brief analysis on D-branes in Misner space-time. 

2 Background geometry 

In general it is difficult to analyze string theory in cosmological backgrounds. How¬ 
ever, the gauged WZW models are few techniques to construct exact string models for 
cosmological systems (see, e.g., UHl EH EH lia EH [H Eni ) • In this paper, we investigate 
a coset model proposed by Nappi and Witten Hg, which describes a four dimensional 
anisotropic, expanding and contracting closed universe. The coset that we are interested 
in is S'L(2,R) x SU{2) WZW model with the following identification^ 

( 2 - 1 ) 

where we denote g,g' as elements of S'L(2,M) and SU{2), respectively. The levels k,k' 
for the S'L(2,M) and SU{2) WZW models are set to be equal {k = k'), and they are 
considered to be large because we are interested in the classical properties.^ A critical 
bosonic string theory should include extra space dimensions such that the total central 
charge c = 26. The extension to the superstring case should be straightforward. 

As we will see below, the NW model includes twelve regions as in fig. ^ It originates 
from the fact that our parametrization of SL{2, M) is divided into twelve cases, depending 

^We only use a specific identification adopted in m among the general ones given in M 

^Hereafter we will not put explicitly k and k'’s in order to make various formulae simpler, though they 

can be inserted back when needed. 
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Figure 1: A two-dimensional sketch of the four-dimensional space-time. Regions I — IV 
represent closed universe regions with the singularities at the beginning and at the end. 
Regions 1 — 4 and 1' — 4' are the whisker regions which contain closed time-like curves. 

on the signs of its group elements. We find it convenient to represent, inside each regions, 
the most general group element g G S'L(2,M) as 

g = e‘^^^{-iy^{ta2Y^g5{0)e^^\ ( 2 . 2 ) 

where a, P eM. and ei, €2 = 0,1. If we set ci = €2 = 0, then the parameters are in region 
6 = II, 1,1' with 

cos 6 ' sin 6^1 , /cosh^ sinh 6 ' 

) 9i = 9v = \ 

— sin^ cos 91 \sinh 6 ' cosh^ 

The parameter 6 runs from 0 to n/2 {0 < 6 < vr/2) in region II and 0 > 0 in regions 1 
and 1'. We obtain, in total, twelve regions by changing 61^2 = 0,1, however it is evident 
that the change of 61^2 does not affect the value of the quantity 

W = Tr(a3ga3g~p. (2.4) 

In other words, we can separate the twelve regions into three types as in table In type 
(B), the parameter 9 in regions III, IV, and I may be obtained by shifting 9 ^ 9 -h nnj2 
with n = 1,2,3. For A and A' with A = 1,2, 3,4, we may replace 9 by —9. Moreover, 
regions 1 and 3, or regions 2 and 4 are different only with the overall factor g —>■ —g. 

"^We use the label of regions adopted in 
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Table 1: Twelve regions for the parametrization of g E S'L(2,M). 


Similarly, for g' G SU{2) we can use for all the regions 


(2.5) 


with a' ^ a' + 271 ,( 5 ' ~ ( 3 ' + 271 and 0 < 0 < 7r/2. Even so, we adopt a bit different 
way of parametrization in order to express the metric in a simpler form as we see below. 
Moving into the regions III, IV, and I, we change 0 into 0 —> 0 + htt/ 2 {n = 1, 2, 3) and 
shift the region into —n7r/2 < 0 < (1 — n)7r/2. The same thing should happen when we 
change 1 — 2 — >■ 3 —4 or 1' — >■ 2' —3' — 4'. From now on, we will concentrate on 
region II, region 1 and region 2', since the other regions can be analyzed by using the 
above transformations. 

The geometry of the NW model can be obtained by starting from the SL{2, M) x SU{2) 
WZW action and then by integrating out the gauge helds associated with f/(l) x U{1) 
0113 The coordinates invariant under the gauge transformation m are given by 
a — a', (5 — (3', 9, 0. We use a gauge choice a' = j3' = 0 and denote a± (3 = \±. In region 
II, metric, B-£eld and dilaton are given by® 

cot^ (j) ,, o tan^ 6 


ds^ = -dd^ + + 


1 + tan^ 6 cot^ 0 


d\i + 


1 + tan^ 9 cot^ 0 


dXi 


Bx_x+ = t—— — Irh —WT’ <h = $0 - ^log(cos^6'sin2 0 + sin^6'cos^0). (2.6) 

1 + tan C7 cot <p z 

The time coordinate is given by 9, which starts at 9 = 0 and ends at 9 = 7 t/2. At the 
beginning (6^ = 0), a component of the metric g\_\_ vanishes, therefore the volume of 
the universe also vanishes. We interpret this as the universe starts at 9 = 0 with a big 
bang singularity. At the end {9 = vr/2), another component of the metric (y'A+A+ becomes 
zero, so this point may be interpreted as a big crunch singularity. For a general 0, these 
singularities are of orbifold-type. However, at 0 = 0 = 0 or 6* = 0 = 7r/2, the metric 
^Exact metric, B-field and dilaton including all 1/k corrections can be computed by following |d2| . 
See also [^. 
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and dilaton field diverge, and these singnlarities are of the same type as the space-like 
singnlarities in the two dimensional black hole iHainn]. More detailed strnctnre of these 
singnlarities in this region can be fonnd in !I3 The ranges of other parameters are 
0 < 0 < 7r/2 and 0 < A± < 27r. Note that A± are periodic parameters (A± ~ A± -|- 27r) 
dne to the periodicity of the parameters a' and (3'. The constant part of the dilaton field 
will be set to be zero (d>o = 0) for simplicity. 

As we will see later, wave fnnctions are given as eigenfnnctions of Laplacian, which is 
given by 

^ (2.7) 


in a general cnrved backgronnd. The Laplacian in this region can be compnted as 


A 


--- -de (cos 9 sin 9)de tan^ 9d\ -\- cot^ 9d\ 

cos 6* sm 6* + 


+ 


cos 0 sm ( 


-^^(cos (j )sin 0)90 -f tan^ 09? + cot^ 09^ 


( 2 . 8 ) 


which can be seen as a snm of two contribntions coming from S'L(2,M) and SU{2) parts. 
Hence we can examine the wave fnnctions for S'L(2,M) and SU{2) parts separately. In 
particnlar, we do not expect any pecnliar behavior of wave fnnctions at 6* = 0 = 0 or 
9 = (f) = 7r/2. 

In region 1, metric, B-field and dilaton are given by 

cot^ 0 ,. o tanh^ 9 


ds^ = d9^ + dc^^ + 


1 — tanh^ 9 cot^ 0 


-dXi - 


1 — tanh^ 9 cot^ 0 


dXt, 


Bx+x_ = - - ;—i$ =-ilog(cosh^6'sin2 0 - sinh^6'cos^0)^ (2.9) 

1 — tanh 9 cot^ 0 4 

The ranges of parameters are OA^, O<0<7r/2 and 0 < A± < 2n. Becanse of the 
periodicity condition on A±, there are always CTCs in this region. It is important to note 
that there is a singnlar snrface along the line 


1 = tanh^ 9 cot^ 0, 


( 2 . 10 ) 


which may be seen as a domain wall, and across this line the time coordinate is exchanged 
between A+ and A_.® Despite the complexity of the strnctnre of this region, the Laplacian 
®The structure of this singular surface is examined in detail in m 
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is given in a rather simple form as 


A 


——-(cosh 9 sinh 9)dg — tanh^ Odf — coth^ Odf 

Lcosh0sinh0 ^ ^ ^ 


+ 


-^--9^(cos (j )sin (j))d^ + tan^ 09? + cot^ 09? 

cos 0 sm 0 + 


( 2 . 11 ) 


In particular, the singular surface cannot be seen in this expression. In region 2', 

we use the following parametrization 


( sinh 9 
— cosh 9 


— sinh 9 j 


( 2 . 12 ) 


Due to the change of 0, metric, 5-held and dilation are given by just replacing A+ by A_ in 
those for region 1. We should also remember that 0 runs from —7r/2 to 0 (—vr/2 < 0 < 0). 


3 D-branes in the cosmological regions 

Let us move to D-branes in the NW model and start from a cosmological region 
(region II). In this region, the background is time-dependent, and hence the energy is 
not conserved. D-branes in the coset theory are constructed to descend from maximally 
symmetric and symmetry breaking D-branes in SL{2,M.) x SU{2) WZW model, which 
are classihed by (twisted) conjugacy classes PHUnD]- DBI actions are used to investigate 
the background geometry, especially near the singularities. We show that the classical 
solutions reproduce the group theoretical results, and we also examine the wave functions 
on the D-branes by making use of open string metrics |dlj . 

3.1 Geometry of D-branes: A group theoretic view 

Maximally symmetric and symmetry breaking D-branes in WZW models are classihed 
by conjugacy classes and by twisted conjugacy classes, respectively [Ml EZl EHl EHl ED]. 
For these D-branes, holomorphic and anti-holomorphic currents for bulk symmetry are 
related by linear equations at the worldsheet boundary.^ Therefore, the corresponding D- 
branes should be invariant under the symmetry left, which are characterized by (twisted) 
conjugacy classes. D-branes in coset models can be constructed to descend from these 
D-branes in a systematic way, for example, as in and for asymmetric 

^With this type of boundary conditions, we can show that the conformal symmetry at the boundary is 
not broken. There might be other types of D-branes which preserve the boundary conformal symmetry, 
but we do not know how to deal with. The situation for D-branes in cosets is similar. 
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cosets including the NW model as in gniEniEni. We obtain the geometry of D-branes 
using these methods as follows. 

We hrst focus on the conjugacy classes and the twisted conjugacy classes of S'L(2,M) 
and of SU{2). For SL{2,'E.) part, they are given by 

A: Tt g = 2cosh.{a + f3) cos 6 = 2k, (3.1) 

B: Trai^f = 2sinh(a —/3) sin6* = 2 k, (3.2) 

where k G M and we denote them as A-type and B-type, respectively. The S'L(2,M) 
WZW model describes strings in AdS^, and the worldvolumes for A-branes are H 2 for 
0 < K < 1, light-cone for k = 1 and 682 for k > 1, and that for B-brane is AdS '2 m- 
Similarly, for SU{2) part, the (twisted) conjugacy class is given by 

A: Tr = 2 cos(q!'- 1-/?') cos^ = 2.^, (3.3) 

B: At aig'=—2ism.{a'— =—2i^, (3.4) 

where G M and we call them as A-type and B-type. The twist in the B-type is just 
an inner automorphism of SU{2) in this case, and hence, in the SU{2) WZW model, 
the B-brane is obtained by rotating the A-brane. However, in the parafermionic theory 
SU{2)/U{1), it has been shown that gauging of U{1) part leads to two inequivalent types 
of D-branes mms]. 

In order to construct D-branes in the gauged WZW model, we have to take into 
account of the gauge symmetry. For the purpose, we sum up all the gauge orbits of the 
(twisted) conjugacy classes, project them into the gauge invariant space, and hnally shift 
by an element of [/(I) x f/(l). This procedure is essentially the same as taking the product 
of conjugacy classes of 88(2,^) x 8U{2) and U{1) x U{1) as in [HU] . Let us call them 
as XY-type D-brane or XY-brane if they are obtained by descending from X(=A,B)-type 
for 8L(2,R) part and Y(=A,B)-type for 8U{2) part. 

First, let us consider the case of Tr^f = 2k and Tr^f' = 2^, namely the AA-brane. The 
conjugacy classes are shifted by the gauge transformation as 

cosh(a + (3 + T + p) cos 9 = k, cos(q!' + (3' + t + p) cos 4> = (3.5) 

Summing up the orbit we obtain 

a j3 — a — j3' = arccosh ( -— arccos f —^ | . (3.6) 

\cos9J \cos0y 




Therefore the geometry of the D-brane is given by the hypersurface 


A+ — A'i = arccosh f-— arccos [ —^ ] . (3.7) 

\cosOJ \cos<p J 

Because of the symmetry along A+, there is a freedom to shift the total position by A||_. 
Note that we have to sum up A*). = A° ^ + 27m with 0 < A° ^ < 27r, n G Z because of the 
residual gauge transformation ini, which makes the D-branes travelling in spiral orbits 
like DO-branes in Misner space (see appendix^. We should notice that cos 6 < k and 
COS0 > |.^|. Therefore, there is no brane for k < 0, instantons at 6 = 7r/2 for k = 0, 
branes in the time period arccos k < 0 < vr/2 for 0 < k < 1, and in all the time period 
0 < 6* < 7r/2 for k > 1. Similarly, there is no brane for |^| > 1, branes at 0 < 0 < arccos |^| 
for 1^1 < 1 and lower dimensional branes at 0 = 0 for ^ = 1. For k > 0 and |^| < 1, 
the hypersurface (EH) describes a D2-brane parametrized by 6 , 0 and A_. For k > 0 and 
|.^| = 1, the corresponding brane is DO-brane at 

A+ — A'i = arccosh ( -(3.8) 

\ cos 0 J 

and 0 = 0. Notice that one more dimension is reduced because a component of metric 
9 \-\- is degenerated. 

Next, let us move to the case of Tr^f = 2 k and TrcJi^f' = —2i^, namely the AB-brane. 
In this case, we sum up the gauge transformation of (twisted) conjugacy classes 

cosh(Q! + 0 + r + p) cos 9 = K, sin(Q!' — 0' + r — p) sin (j) = ^, (3.9) 

which leads to the restriction of the worldvolume 

cos 6 < K, sin0>|^|. (3.10) 

As before, there is no brane for k < 0, instantons at 6 = 7r/2 for k = 0, branes in 
6 > arccos k for 0 < k < 1, and in all the time for k > 1. In the case of k > 0, we have 
D3-branes for |,^| < 1 and Dl-branes at 0 = 7r/2 for |,^| = 1. This type of branes resemble 
to Dl-branes in Misner space explained in appendix 0 though Dl-branes in Misner space 
do not have the ends. 

Third, we consider the case of Trcxip = 2k and Trp' = 2 ^, namely the BA-brane. In 
this case, we sum up the gauge transformation (EH) of (twisted) conjugacy classes 

sinh(a — 0-|-r — p) sin^ = K, cos(q;' -|-0'-1-r-|-p) cos0 = ^, (3-11) 

which leads to cos 0 > 0 Notice that there is no restriction on the time 6 contrary to the 
AB-brane case. We have D3-brane for |,^| < 1 and Dl-brane at 0 = 0 for |,^| = 1. 
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Final case is "Tiaig = 2k and Traig' = —2i^, namely the BB-brane. The hypersurface 
derived from the twisted conjugacy classes is 

A_ — A° = arcsinh (—— arcsin f ^ , | . (3.12) 

Vsmb'/ ysm0y 

Again there is no restriction on the time 6 . We have D2-brane satisfying (13.121) for 1^1 < 1 
and DO-brane at 

A_ - A» + ^ = arcsinh (-^) (3.13) 

and 0 = 7r/2 for |^| = 1. 


3.2 Effective theories on D-branes 


The purpose of this paper is to investigate the non-trivial geometry of the NW model 
using the D-brane probes. In general, D-branes and strings feel the background geometry 
in different ways, which can be seen from their worldvolume actions. The low energy 
actions for the worldvolume theories on D-branes are of DBI-type, and D-brane metrics 
can be read from the effective actions. In this subsection, we construct DBI actions for the 
D-branes classihed in the previous subsection, and see how D-branes feel the background, 
in particular, near the singularities. We also show that the classical solutions to the 
equations of motion are consistent with the geometry of D-branes obtained above. 

It is also important to examine how the non-trivial background affects open string 
spectra on the D-branes. A simple way to obtain the low energy spectra for open strings 
is to utilize open string metrics • Because of non-trivial gauge flux on D-branes, open 
strings feel the background metric in a modihed way. We denote induced closed string 
metric on D-brane as gab and closed string coupling as gs- Then, open string metric Gab 
and open string coupling Gg in a conhguration with = B + are given by m 

Gab = 9ab-Tacf^Tdb. (3.14) 


Gg = e'*’° = g, 


-detG 


— det((7 -I- F) 


(3.15) 


The low energy spectra for open strings can be read from the eigenfunctions of Laplacians 
in terms of open string quantities: 


A = ^ _ daC-^oy/^G’^^db. (3.16) 

In this subsection, we only construct the Laplacians and see their properties. More de¬ 
tailed analysis on wave functions is given in section El 

®We represent B as induced i3-field and F as gauge flux on D-brane. We set for our convenience 


10 











3.2.1 AA-brane 


Let us first examine the AA-type DO-brane with k > 0 and |.^| = 1 (sin0 = 0). The 
DBI action in the static gauge is given by 

S = —To J d6e~^ \J — det g 


= —To J d6\l sin^ 6 \l 1 — cot^ = — Tq J d6\J sin^ 6 — cos^ 6'(A+)2. (3.17) 

In the second expression, the induced metric diverges due to the singularity ai 9 = (j) = 0. 
Fortunately, the inverse of the string coupling vanishes at the point and cancels the 
singularity as in the last expression. Therefore, one can say that the DO-brane metric 
does not include singularity at 6* = 0 = 0.® 

This action has translational symmetry along A+ direction, so the momentum conju¬ 
gate to A+ is a constant 


dC rocos^6*(A+) 

sin^ 6 — cos^ 6*(A+)^ 


(3.18) 


which can be rewritten as 



On the other hand, from the equation (HHD, one can deduce 


(3.19) 


(A+)^ 


sm‘^9 

—\ cos^ 6 + cos^ 6 


(3.20) 


Thus the AA-type DO-brane traveling at (El) has an imaginary momentum , 

which means that the D-brane travels faster than the speed of light. In fact, the DBI 
action with the imaginary momentum is 


^=-ro 


d9\ 


I sin^ 9 cos^ 9 
cos^ 6* — ’ 


(3.21) 


which is also imaginary for cos^ < k. Therefore, we conclude that the DO-brane is 
tachyonic and is unphysical.Here, we do not claim that there is no solution for a D- 
brane with real momentum, but we just say that the solution does not correspond to one 
of the D-branes classified in the previous analysis. 

®The similar phenomena is observed in the study of D-branes in two dimensional Lorentzian black 
hole [IH]. 

^°See @21 for discussions on the physicalness of D-branes in AdS^. 
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Let us now move to AA-type D2-brane with the trajectory (EH). In the static gauge, 
the DBI action is given by 


^ = / ded(l)dX_CiX+, A, A') = -T2 / dedcl)dX-e-^ J- det(^ + B + F). 


(3.22) 


We only excite Fqx_ = doA = A{9, 4>) and F^x- = d^A = A'{9, (p) in the gauge held 
strength, then we have 


/-I+Dcot2 0(A+)2 Dcot2 0A+A'+ -DX+ + A\ 
g + B + F= Dcot^pX+Xp 1 + D cot^ 0(A'+)^ -DXp + A> 

^ DX+-A DXp-A' DtaxF9 y 

where D~^ = 1 + tan^ 9 cot^ p. Therefore, we hnd 

— det((7 + B + F) = D tan^ 6^(1 — D coA 0(A+)^)(1 + D cot^ 0(A', )^) 


(3.23) 


+ 2 D cot^ 0A+A^-DA+ + A'){-DX+ + A) - {1 + D cot^ p{X'^f){-DX+ + Af 


-{-1 + D cot^ 0(A+)2)(-DA+ + A'f + D tan^ 9{D cot^ pX+Kf- (3-24) 

The components of the held strength should satisfy the Gauss constraints and X+{9,p) 
should satisfy the equation of motion; 

Here we assume that 

i = 0, A' = A^ (3.26) 

satisfy the above constraints (FOKll . then the DBI action i rT22i i is written in a very simple 
form 


S = J d9dpdX.C'{X+) 


= —T2 j d9dpdX_\/ (sin^ 9 — cos^ 6*(A+)2)(sin^ p + cos^ 0(A'_,_)2). (3.27) 


Notice that the original metric has singularities at 9 = p = 0 and 9 = p = 7i/2, but these 
singularities are cancelled by the contribution from the dilaton. Using the ansatz (EUSl), 
the equations can be rearranged as 


de 





/ 5/: 6C 5A' \ 


0 . 


(3.28) 
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In other words, the problem is replaced by solving the eqnation of motion with respect to 
the action C. The equation of motion may reduce to 


^ _ cos^ 0A+ 

\J sin^ 6 — cos^ 6'(A+)2 

or equivalently 



Since we can show that 


5C _ 5C' 

Ja ~ 


C's 


cos^ 0A'_ 
Y^sin^ 0 + cos^ 


(3.29) 


(A'+)^ = - 


sm 


cos^ (b — cos^ I 


(3.30) 




6C _ 5C' 


(3.31) 


with the ansatz ()3.26|1 . our choice of gauge helds satisfy the Gauss constraints ()3.25|1 if 
we use the solution to the equations (1121. The solution to (1121 is given by dH as 
expected if we assume Cl = —However, with this choice, the DBI action 
becomes 




—T2 J d6d(j)dX_ 




sin^ 9 cos^ 9 sin^ cj) cos^ 0 
(cos^ 9 — K,‘^){cos^ cj) — ^2) 


(3.32) 


The above action is purely imaginary because of the ranges of 9, 0 (cos 6* < k, cos0 > |^|). 
This is again due to the tachyonic behavior of the D2-brane as in the DO-brane case, and 
we conclude that the AA-type D2-brane is also unphysical. 


3.2.2 AB-brane 


Again we start with a simpler case with |^| = 1 (cos0 = 0). The DBI action of the 
D-string wrapping along the {9, A_) plane is given by 

S = —Ti J d9dX_e~^\J — det( 5 f + F) = —ti J d9dX_ sin^ 9 — cos^ 6*/^ (3.33) 


with Fe\. = /, where the singularity at 6* = 0 = 7r/2 is cancelled as before. The Gauss 
constraint leads to 


5C Ti cos^ 9f 
Y^sin^ 9 — cos^ 


(3.34) 


with a constant H, which can also be written as 

^2 ^ sin^g 

^ cos^ 9 + cos^ 9 

suppose that the relative signs between Ci ^2 and k, ^ are chosen appropriately. 


(3.35) 
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If = then the condition /^ > 0 is eqnivalent to cos 6* < k, which is consistent 

with the previous results (jnni). However, the DBI action 


S = —Ti / d9d\_\ 


/ sin^ 9 cos^ 9 


(3.36) 


COS^ 9 — K? 

becomes imaginary also in this case. This implies that the gauge held strength on the 
brane is supercritical and the open strings on the brane are unstable 

We can analyze AB-type D3-brane with K>0,|^|<lina similar way. We can show 
that the held strength 


Fe\_ — 0, — O5 

satishes the equations of motion. Denoting 

we hnd 

(-IF A_ 

g + B + F = 


Fx_x^ = -1 




0 \ 

-F 1 0 A'^ 

—A_ 0 DtaxFcj) —D 

\ 0 -A'^ D Dcoi^9j 


where D ^ = 1 + tan^ ^cot^ 9. Thus the DBI action is given by 

S = — Ts J d9d(j)dX_dXj^ \J sin^ 9 cos^ 0/ 


with 


1 = 1 — {AJ)^ coD^ 9 + {A'j^Y tan 


Since the solution to the equation 0 = |^ gives a consistent choice, we can set 

F = -A_A'. 


Using this held strength, the DBI action is written as 


S = —T 3 / d9d(l)dX_dXj^\J (sin^ 9 — {A_Y cos^ 6*)(cos2 0 + {A\Y sin^ 0). 


(3.37) 


(3.38) 


(3.39) 


(3.40) 


2A_A+F-D-^(A_)2(A+)T (3.41) 


(3.42) 


(3.43) 


At this stage, the singularities at 0 = 0 = 0,7r/2 are also cancelled. The equations of 
motion for A_ and A, 


df) 


' 6 C ' 


= 0 , 




' 5C 

JIl 


= 0 


(3.44) 
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lead to the reduced equations 


= 


cos^ OA^ 


Co = 


sin^ (j)A', 


/sin^ 9 — {A_y cos^ 6 ^Jcos^ (p + {A'j_y sin^ 0 

with Cl and C 2 being constants. These equations can be rewritten as 

sin^ 9 


(3.45) 


(^-)^ = - 


cf 


cos"^ 9 + cos^ 9 ’ 


= 


cos 


^ sin"^ 6 — sin^ ( 


(3.46) 


a 


If we set Cl = -K^,Cl = then (i.)^ > 0, {A'^f > 0 means cos^ 9 < K^sin^ > |^|, 
which is the same condition as dnni). However, with the above choice of held strength, 
the DBI action reduces to 


C f JX Sin2 0cos2 0sin2 0cos2 0 

S = -n d9d(j)dX-dX+. - ——- ^ 3.47 

J \ (cos^ 9 — K"')(sm 0 — 4 ^) 

which is purely imaginary in the region (IXTUl) . Therefore, we conclude that the AB-type 
D3-brane is unphysical because of the presence of supercritical gauge hux. 

3.2.3 BA-brane 

In the case of BA-type Dl-brane (|4| = 1), the DBI action is given by 

S = —Ti J d9dX+e~^— det(5f -|- F) = —ri J d9dX+\J cos^ 9 — sin^ 9P, (3.48) 

where we set Fe\+ = /. The singularity at 6^ = 0 is cancelled as before. The Gauss 
constraint leads to 

n sin^ 9f 


_ _ 

Y^cos^ 9 — sin^ 0/2 

with a constant H, and one can solve for / as 

cos^ 9 


= n 


(3.49) 


r = — 

■’ A .^.4 


sin^ 9 + sin^ 9 

For all 0, p is non-negative, and the DBI action on the D-string is given by 


(3.50) 


S = —Ti J d9dX+ cos 9 


\ 


sin’9 


2 n I n2 ’ 


sin^ 9 + 


(3.51) 


which is real. Therefore, one expects that the resulting D-brane is physical one, opposite 
to the previous cases. 
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Next let us consider BA-type D3-brane with general |^| < 1. We excite the following 
components of gauge held strength 


Ffirh — F, 


then the DBI action becomes 


Fe\. — A 


+ ; 


F^x_ = A'_ 


S = —Ts J d6d(j)dX_dX^\Jcos'^ ^sin^ 0/ 


(3.52) 


(3.53) 


with 


1 = 1- {A+f tan^ e + (A'_)2 cot^ 0 - - 2 A+A'_F - D-\A+Y{A'_f. (3.54) 

Inserting F = — A_|_A'_, which satishes |^ = 0, into the DBI action, we obtain 


S = —Ts J d6d(j)dX-dX-^.y {cos'^ 6 — (A+)2 sin^ 6')(sim 0-1- (A'_)^ cos^ 0). (3.55) 

As before, there is no singularity at 6 = (p = 0,7r/2 in this action. The equations of 
motion for A+, A_ are given by 




hence we may have 


= 


sin^ eA~ 


c.= 


Aos^ 9 — (A+)2 sin^ 9 
with constants Ci and C 2 , or inversely 

cos^ 9 


{A+y = - 


Ci 


sin"^ 9 -h sin^ 9 


2 a 1 


'’•m- 


cos^ (f)A'_ 
sin^ 0 + {A'_Y cos^ (p 


sm 


(3.56) 


(3.57) 


(A'_)^ = - 


Ci 


COS^ (p — COS^ I 


(3.58) 


If we set Cf = C 2 = then the conditions (A+)^ > 0 and {A'_Y > 0 imply 

COS0 > Al, which is the same as the condition obtained before. With the held strength, 
the DBI action becomes 


C [ JX Sin2 0cos2 0sin2 0cos2(^ 

S=-r,j (sin= 9+ Cf)(cosV-Cl)' 

It is real for coscp > A|, and hence the D3-brane in this case is physical. Since we 
now obtain the physical D-brane, let us examine the spectrum for open strings on the 
D3-brane. 


^^Actually, the relation between Ci and k is not fixed uniquely in this way of analysis. We might be 
able to determine it by gauging the case of S'L(2,R) x SU{2) WZW model P?l] . 
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As we mentioned before, wave functions are given by the eigenfunctions of Laplacian 
expressed in terms of open string quantities. The open string metric and the open string 
coupling with our conhguration of gauge helds are computed by following (Hni) and (unD 
as 


dslpen = —otdO^ + I3d(j)^ + a cot^ 9{d\+ — A'_d(j)f‘ + (3 tan^ (j){dX- + A^dO^, (3.60) 


^ / af3 
^ V sin^ 6 cos^ (j) ’ 


(3.61) 


with 


a = 1 — tarn 6*(A_|_) = 


sin2 0 


sin^ e + Cr 
Let us make the transformations 


(3 = 1 + cot^ (j){A'_y = 


COS^ 0 


cos^ (j) — C 2' 


(3.62) 


A+— y A'_{x)dx ^ X-+ J A+{x)dx ^ X-, (3.63) 


and 


cos^ —\Jl + Cl cos 9, 


sin0 —\Jl — Cl sin 0, (3.64) 


then the open string metric and the open string coupling become 

dslp^n — —d9^ + d(jA + cot^ 9dX‘^ + taiA (j)dX‘t, (3.65) 

Gs = , ^ - . (3.66) 

y {1 + Ci){l — Cl) sin^ 9 cos^ 0 

We should also note that the region of 9 is restricted as cos^ 9 < 1/(1+C^). The Laplacian 
in terms of open string metric can be written as 

A =- ^—p:de cos 9 d 0 H-sin (pd^ + tan^ 9dl + cot^ pdl . (3.67) 

cost* sm0 + 

In this expression, we can observe that not only the DBI action but also wave functions 
on the D-brane do not behave in a peculiar way at the singularities 9 = (p = 0, 7r/2. We 
continue the analysis on the wave function in section El 

We can also see that the expression of Laplacian is consistent with the boundary 
conditions of currents. If we denote and and K^) {A = +, —, 3) as the 

holomorphic (anti-holomorphic) part of currents in S'L(2,M) and SU{2) WZW models, 
then the boundary conditions in this case are given by 


= KA (3.68) 
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at the boundary of worldsheet. The remaining symmetries generated by and + 

correspond to the translations of A+ and A_, respectively, which is consistent with the 
form of the Laplacian (HEIl). We should notice that the Laplacian (or its eigenfunction) 
is quite simple even though the background metric is rather complicated. This is due to 
the coset construction. 


3.2.4 BB-brane 


For BB-type DO-brane, DBI action becomes 


S = —To / dOe = —tq / d^-^/cos^ 0 — sin^ ^A?., 


,2 / i \2 


(3.69) 


because of the condition cos0 = 0. The momentum conjugate to A_ is a constant of 
motion 

5C tq sin^ 6*A_ 


Px. = 


therefore 


Ai = 


\J cos^ 9 — sin^ 
cos^ 6 


(3.70) 


■ sin^ 9 + sin^ 9 


(3.71) 


which is consistent with the motion of DO-brane dnni) with Px_/tq = K^. We can show 
that the DBI action 


S=-To 


d9 


\ 


sin^ 9 cos^ 9 
sin^ 9 + ^ 

TO 


(3.72) 


is real and the corresponding DO-brane travels at a speed less than that of light. We 
should remark that even if the physical DO-brane is used as a probe, the singularity at 
9 = cj) = TT/2 does not appear in the D-brane metric as before. One might expect that the 
point particle feels the singularity more severely than string, but actually what we have 
shown is that the DO-brane feel the singularity in a milder way than string. 

BB-type D2-brane can be analyzed in a way similar to the AA-type D2-brane. Here 
we only introduce non-trivial potential Ax^ = A{9, 0) and also assume that the gauge 
field 


A = -A_, A' = 0 (3.73) 

satishes the equations of motion. Then the DBI action becomes very simple form as 

S = —T 2 J d9d(j)dX+\/ (cos^ 9 — sin^ 6*(A_)^)(cos^ 0 -f sin^ 0(A'_)^). (3.74) 
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As before, we can use this action to derive the equations of motion for A_, which reduce 
to 


6-1 = 


sin^ ex. 


cos^ 9 — sin^ (^{X.y 


C 2 = 


sin^ (j)X' 


^Jcos‘^ 0 + sin^ 0(A'_)^ 


(3.75) 


We can also show that the gauge helds (mi satisfy the Gauss constraints from these 
equations. Because the above equations can be rewritten as 


(A-)^ = ^ 


cos^ 9 


sin*^ 9 + sin^ 9 ’ 




COS^ cj) 




sm 


sm 


2 


(3.76) 


we can reproduce the geodesic of D2-brane ()3.12|1 if we assume Gf = The 

DBI action 


S = -r2 


d9d(j)dX^ 


\ 


sin^ 9 cos^ 9 sin^ 0 cos^ (f) 
(sin^ 9 + fi:^)(sin^ 4> ~ 


(3.77) 


is real for sin 0 > |,^|, thus we conclude that the BB-type D2-brane is also physical. Notice 
that the D-brane does not seem to feel the singularity aX, 9 = (j) = n/2 even for the physical 
D-brane with higher dimensionality. 

The open string metric inni) and the open string coupling dni in this case are 
computed as 


ds 


'open 




L + a~ 




(3.78) 


Gg = ^ , (3.79) 

cos^ 9 sin^ 0(/3“^ + tan^ 9 cot^ (pa~^) 

where 

9 ^ N 9 sin^ 9 ^ 9 ,, / X 9 sin^ 6 

a = 1 - tau e{\.) = = 1 + tau ^(A_) = (3.80) 

Performing the transformations 

cos 6* —A \Jl + Cl cos 9, cos 0 —> — C\ cos 0, (3.81) 


the open string metric and the string coupling become 

cot^ 0 


dsioen — 1 9 / _^9 a'^AL 


G, = 


1 + tan^ 9 cot^ (j) 
1 


(1 + Gf) (1 — Gl) (cos^ 9 sin^ 0 + sin^ 9 cos^ 0) 


(3.82) 

(3.83) 
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In terms of the redefined parameters, the Laplacian can be written as 



cos 6 cos 0 


It might be interesting to notice that the Laplacians for BA-brane and for BB-brane are 
qnite similar even though the open string metrics are rather different. This is again due 
to the coset construction. The boundary conditions for the currents in this case are 


= -K^, = K^, (3.85) 

and the remaining symmetries generated by and corresponds to the shift 


of A+. This is again consistent with the form of the Laplacian (j3.84jl . 

4 D-branes in the whisker regions 

The whisker regions contain CTCs, and they are usually regarded as sources of patholo¬ 
gies. However, since the Nappi-Witten model is constructed as a gauged WZW model, 
it seems natural to think that the model describes a consistent background. A famous 
example with non-trivial CTC is Godel universe ra. and recently there are several stud¬ 
ies, e.g., in (SlCniCIlCIlEniEilCIlEEl regarding the properties of CTCs in superstring 
backgrounds of Codel type. In particular, ref. IZQ studied the regions including CTCs by 
using a D-brane wrapping the CTC as a probe. In this section, we investigate the whisker 
regions (region 1 and region 2 ') by using D-branes as probes with a special care on CTCs 
and related pathologies. In particular, we examine wave functions on D-branes wrapping 
the CTCs. 

4.1 Geometry of D-branes: A group theoretic view 

The geometry of D-branes can be read off from the conjugacy classes and twisted ones 
of S'L(2,M) and SU{2) as in region II. In region 1, the S'L(2,M) part is changed to 


A : lig = 2 cosh(a -|- {3) cosh6 = 2k, 


(4.1) 


B : Tr aig = 2 cosh(Q! — (3) sinh 9 = 2k, 


(4.2) 


but the SU{2) part is the same as ()3.3j) and (13.411 . The (twisted) conjugacy class of 
S'L(2,M) in region 2' is 


A : Tt g = 2 sinh(Q; -|- (3) sinh 9 = 2k, 


(4.3) 


B : Trai^f = 2sinh(Q; — j3) cosh^ = 2k, 


(4.4) 
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and that of SU (2) is 


A: Tr^f'= —2 cos(a'+/3') sin0 = 2^, (4.5) 

B: Traig' = —2ism{a' — f3') cos(j) = —2i^, (4.6) 

because of the shift in 0 : 0 —»• 0 + 7r/2. As before, we obtain the geometry of D-branes 
in the coset theory by summing over the gauge orbit of the above (twisted) conjugacy 
classes, projecting into the gauge invariant space, and shifting by U{1) x f/(l). 

Let us now consider the brane trajectory in region 1. Following the analysis of region 
II, we can see that AA-branes are described by the hypersurface 

A+ — A)J_ = arccosh (—— arccos [ ^ ] . (4.7) 

V cosh 9/ \ cos 0 / 

As we mentioned before, the time coordinate is either A+ or A_ in the whisker regions, 
so we use 0, A± as the coordinates of the worldvolume of the brane. Suppose k > 1, then 
we have D2-brane for |,^| < 1 and DO-brane at 0 = 0 for |,^| = 1. For k = 1, we have 

lower dimensional D-branes. If we regard A-|_ as the time coordinate, then the D2-brane 

behaves in a way similar to DO-brane in a whisker region of Misner space (see appendix 
\M- Now that A_ does not depend on the other coordinates in (SID, the D2-brane wraps 
the CTC in the region where A_ takes the role of time. 

Similarly, we can see that AB-brane has the worldvolume bounded by 

cosh6'</s;, sin0>|,^|. (4.8) 

Therefore we have D3-brane for k > 1 and |.^| < 1, D2-instanton at 6^ = 0 labeled by 0, A+ 
for K = 1 and |.^| < 1, Dl-brane at 0 = 7 i/2 labeled by 9, A_ for k > 1 and |.^| = 1. Since 
X± are independent on the other coordinates in dUD, the worldvolume of the D3-brane 
includes CTC everywhere in the region (SID- 
The worldvolume of BA-brane is shown to be 

sinh^ < K, COS0 > |^|. (4.9) 

Therefore, we have D3-brane for k > 0, |^| < 1, Dl-brane labeled by 0, A+ at 0 = 0 for 
K > 0,1^1 = 1, and D2-instanton labeled by 0, A+ at 6* = 0 for k = 0, |^| < 1. The 
D3-brane also includes CTC on it everywhere in the region SID- 
For BB-brane, the geometry is obtained as 

A_ — A° = arccosh (—— arcsin f ^ , | . (4.10) 

V smh 9 J \ sm 0 y 
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Therefore, supposing k > 0, we have D2-brane satisfying (14.1011 for |^| < 1 and DO-brane 
labeled by A_ at 0 = 7r/2 for |,^| = 1. Just like the AA-type D2-brane, the BB-type 
D2-brane includes CTC on it in the region where A+ is regarded as the time. 

The region 2' can be analyzed in a similar way. AA-brane is described by the hyper¬ 
surface 

= arcsinh {—— arccos ( —^ ) , (4-11) 

Vsinhfc^/ \sm(p J 

so we have D2-brane for |^| < 1 and DO-brane for |^| = 1. For AB-brane, we have D3- 
brane in the region where cos(j) > |(^| for |,^| < 1 and Dl-brane at 0 = 0 for |,^| = 1. For 
BA-brane, we have D3-brane in the region where sin0 < —1,^| for |,^| < 1 and Dl-brane 
at 0 = —7r/2 for |,^| = 1. Similarly one can show that for BB-brane there is D2-brane at 
the hypersurface 

A_ — A° = arcsinh (—— arcsin f —^ ] , (4.12) 

V cosh 6 J \ cos 0 ) 

for |,^| < 1 and DO-brane for |,^| = 1. Note that for all the branes 9 runs up to inhnity 
{9 = cx)), where the hypersurface may take the role of boundary of AdS space ^S]. Other 
properties, such as the similarity with the branes in Misner space and the inclusion of 
CTC, are very similar to those of region 1. 

4.2 Effective actions on D-branes in region 1 

As we have seen in the previous subsection, D-branes in region 1 extend up to hnite 
0, but D-branes in region 2 extend all the way to the “boundary” a.t 9 = oo. It is natural 
to expect that these two types of D-branes are qualitatively different. In this section, we 
construct DBI actions for effective theories on D-branes in region 1 and study the wave 
functions on them as in the previous section. 

4.2.1 AA-brane 

Let us first examine the DO-brane with k > 1 and |^| = 1, namely with sin0 = 0. In 
this case, the 5 'a+a+ component of the metric is negative, so we set A+ to be the time- 
coordinate of the worldvolume, as a gauge choice. Then the DBI action of the DO-brane 
is given by 

S = —To J dXj^e~^ \J — det g 

= —To J (JA+Y^cosh^ 9 — sinh^ 9{9y, (4-13) 


22 










where we denote' = d/dX^. The singularity of the metric at 0 = 0 is once again cancelled 
with the inverse of the string coupling. Since the metric does not depend on the time A+, 
the energy is a constant 


E = -^e - c= To cosh^ e 

J cosh^ 6 — sinh^ 6 {6Y 


(4.14) 


This equation can be rewritten as 


•, , cosh^ 0 — ^ cosh^ 9 

{ef = — 


(4.15) 


sinh 9 

which is consistent with the geometry (glD if we set . The DBI action with 

the above choice is given by 


S =-To dA. 


cosh"^ 9 


K 


(4.16) 


Notice that the action is real, and hence the D-brane should be physical. 

Next, we analyze the D2-brane of this type. We set the worldvolume coordinates as 
(A+, A_, 0) such that one of them behaves like time-coordinate. The DBI action is now 
written as 

S = J dX^dX_d(j)C = —T 2 J dX+dX_d(j)e~^— det((7 + B + F). (4-17) 

Let us excite only F\_^ = F, then we obtain 

f D cot^ (j) + {9f D 99' \ 

g + B + F= -D -Dtanh^d F , (4.18) 

^ 99' -F l + (d')^ 

where we denote ' = d/dcf) and D~^ = 1 — tanh^ 9 cot^ 0. Now we have 

-det{g + B + F) = -D{1 + {9'f) + D tanh^ 9{9f - 2DF99' - F\D cot^ 0 -f- {9f). 

(4.19) 

In order to hnd classical conhguration, we can utilize the Gauss constraints and the 
conservation of the energy momentum tensor: 


(§) = °' 


+s<,Ty =0, 


(4.20) 


where the energy momentum tensor is dehned as (/i, u, p = X±,(j)) 


d 9 + F - 6^ C 


(4.21) 
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Once we assume that F = —9'/9, the DBI action takes a simpler form 


S=-T2 dX+dX-d(l) 


\ 


—sgnZi)(cosh^ 9 — sinh^ d{9y) 


sm 


+ cos^ 


in 

\9Y 


(4.22) 


where sgnD = 1 for D < 0 and sgnD = — 1 for D > 0. With the above choice of F 
(F = —9'/9), the Gauss constraint leads to 



which can be rewritten as 

(F)^ sin^0 

(0)2 ^ cos"^ 0 — cos2 0 


(4.23) 


(4.24) 


with a constant C. Therefore, F = —9'/9 satishes the Gauss constraint if 9 satishes 
The energy momentum tensor with F = —9'/9 is given by 


W = ^2 


\ 


(9' 

sin^ d) + cos2 ^— 


cosh^ 9 


in y—sgnF(cosh^ 9 — sinh^ 0(0)^) 


n = 0, (4.25) 


thus the conhguration with 

E = 


cosh^ 0 


-sgnF(cosh^ 0 — sinh^ 0(0)^) 


(4.26) 


or 


(0)2 


cosh^ 0 + cosh^ 0 
sinh^ 0 


(4.27) 


satishes the conservation of the energy momentum tensor. 

Note that if we assign and = —sgnDK^, then the solution to KM and 

KM is indeed (HID, which was obtained by utilizing the conjugacy classes. The DBI 
action with these helds becomes 


S = -T2 


dX+dX-dcj) 


\ 


cosh^ 0 sin^ 0 cos^ 0 
— sgnFK2(cos2 (/> — ^2) ’ 


(4.28) 


which is real for F < 0 and imaginary for F > 0. Therefore, the condition for the D- 
brane to be physical is changed across the line F = 0. As mentioned before, the time 
and space coordinates A+ and A_ are exchanged across the line F = 0 (irrui) . so the 
change of physicalness is natural from the bulk viewpoint. However, in the DBI action, 
the singularity from the metric is canceled with the divergence of the string coupling. 
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and only the sign is left. Thns, those who live on the brane might feel strangely the 
existence of the domain wall at D = 0. For the physical region D < 0, A+ serves as a 
time-coordinate, and hence CTC is not inclnded on the brane. As we will see below, this 
happens not for all the branes. 

Let ns move to the eqnations for wave fnnctions on the D2-brane, where only the 
physical region D < 0 is considered. The open string metric has been compnted as 

dslpen = — a{9d\+ + 6'd(j)y + ———^—-y-— -^dX‘t, (4.29) 

^ p + a tanh 0 cot <p 


with 


a = —1 + coth^ 9- 


cosh^ 9 


[3 = 1 + cot^ 


i9'f 


COS^ 0 


(4.30) 


(0)2 E2-cosh^0’ -r cosV-C'^ 

Changing the coordinate system from (A+,A_,0) into (A_,0,0), the metric is rewritten 
as 

Q;/3tanh^ 9 


ds^p^n — — (yd9 + [3d(j) + 


-dX\ 


(4.31) 


[3 + a tanh^ 9 cot^ 0 

It is amnsing to note that the time-coordinate in the open string metric is now 9, which 
was a space-like coordinate in the closed string metric. A person living on the brane seems 
to feel that time 9 is rnnning from 0 to arccoshi?. Taking care of the Jacobian dne to the 
reparametrization, the open string conpling is compnted as 


G. = 


a(3 


^ cosh^ 9 sin^ 0(/? -|- tanh^ 9 cot^ ([a) 
We farther change the coordinates as 

sinh0 — \/E‘^ — 1 sin0. 


sm I 


Vl - G2 si 


sm I 


(4.32) 


(4.33) 


where 0 < 0 < 7r/2. In the new parametrization, the open string metric and the open 
string conpling become 

tan^ 0 


ds^ = -d9^ + dc[^ + 


1 -|- tan^ 0 cot^ (j) 


dXt, 


(4.34) 


Gs = , ^ (4.35) 

Y {E^ — 1) (1 — G^) (cos^ 0 sin^ 0 J- sin^ 0 cos^ 0) 

Therefore the Laplacian is given by 

A =- ^dg sin 9dg H-sin (j)d^ + (cot^ 0 J- cot^ 0)0? . (4.36) 

sm0 sm0 

The AA-type bonndary conditions are given by and before ganging, 

and and generate transformation along A_. This is once again consistent 

with the form of the Laplacian (I4.36|l . 
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4.2.2 AB-brane 


Let us study the case with k > 0, |.^| = 1 (cos0 = 0); namely the Dl-brane. Now that 
the time coordinate in the bulk is A_, we can use (A_, 6 ) as the coordinate system of the 
worldvolume. Then, the DBI action of Dl-brane is given by 

S=-TiJ dX-dee-'^^-det{g + F) 


= —Ti J d\-d9\j sinh^ 6 — cosh^ 


(4.37) 


with Fx _0 = f. The Gauss constraint leads to 


or 


5C Ti cosh^ 9 f 

\J sinh^ 6 — cosh^ 


f 


sinh^ 9 

^ cosh^ 9 + cosh^ 9 


(4.38) 


(4.39) 


If we set n^/rf = —then the condition /^ > 0 is consistent with the geometry 
cosh 9 < K deduced in the previous subsection. However, the DBI action 


S = -n 


d\_d9 


\ 


sinh^ 9 cosh^ 9 
cosh^ 9 — 


(4.40) 


becomes imaginary, so the AB-type Dl-brane is unphysical due to the presence of super¬ 
critical electric flux. 

Next let us examine D3-brane with k > 0, |^| < 1. We turn on the following held 
strengths 


F(i,\_ = 0 , 

Fe^ = F{9,<t>), 


Fe\. — 0, 


F\j^\_ = —1, 

F0x^=F_{9,<P). 


i"^A+=i"+(0,0), 

With the above choice of the held strength, we have 


g + B + F = 


where D ^ = 1 — tan^ ^coth^ 9. Hence the DBI action is given by 
S = —Ts J d\+d\-d9d(j)\j—sgnD sinh^ 9 cos^ cf)I 


/- 

-D coth^ 9 

D-l(= -D) 

0 


1 

-D{= D) 

D tan^ 0 

-F_ 

0 


0 

F_ 

1 

F 

V 

F+ 

0 

-F 

1 y 


(4.41) 


(4.42) 


(4.43) 
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with 


I = l-Fi coth^ e + F'i tan^ 6 + F'^ - 2F_F+F - D-^F^Fl. 


(4.44) 


Using the solution F = to the equation |^ = 0, the DBI action is written as 

S = —Ta J dX_^.dX_dOd(j)—sgnD{smh‘^ 9 — Fl cosh^ 6')(cos2 0 + F+ sin^ 0). (4.45) 


The equations of motion for ^4;^+ and A\_ are given by 

■ 5C ' 


Ob 


6 F_ 


= 0 , 




' 6C 

JK 


= 0 , 


which lead to 
6*1 = 


cosh^ 9F 


C 2 = 

—sgnZ)(sinh^ 9 — Fl cosh^ 9) 
with constants Ci and C 2 - The above equations imply 


sin^ 0F+ 


cos 


2 A Fl sin^ I 


(4.46) 


(4.47) 


F^ = 


sinh^ 9 


■^cosh^^ + cosh'^’ 


Fi = 


cos 


^ sin^ d) — sin^ ( 


(4.48) 


c. 


If we set Cf = sgnDK^ and C| = then the condition that F^ be non-negative gives 
consistent result of the geometry (HHI). The DBI action is 


o 7 ^ sinh^ 6* cosh^ 0sin^ 0cos2 0 ...x 

S^-nj dOd^dX^dX, ^ a) (4.49) 

which is real for I) > 0 and imaginary for Z) < 0. Hence the D-brane is physical for 
Z) > 0 and unphysical for Z) < 0 due to the presence of supercritical electric fields, as 
in the previous case. In this case, however, there are CTCs even on the physical region, 
since A+, which is now time, runs along the CTCs in the region. 

Because there are CTCs on the brane, it is very important to see whether the wave 
functions on the brane behave pathologically. We assume that Z) > 0 and > 0. Then, 
the open string metric and the open string coupling are 

ds^pen = —ad9‘^ -f fddcj)^ -f jd cot^ 0(dA+ — F_d9Y + a tan^ 9{dX- + F+d(j)Y, (4.50) 


a = 


aP 


cosh^ 9 sin"^ 0 


where 

a = — 1 + coth^ 9F^ = 


cosh^ 9 


cosh^ 9+ 


fd = 1 + tan"^ (j)Ft = 


sm 


sin^ (j) — C2 


(4.51) 


(4.52) 
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Again the time coordinate is 6 in the open string metric, and it ranges from 0 to 
arccosh|Ci|. We can further simplify the metric by making the following transforma¬ 
tion 




(4.63) 


and 




(4.54) 


After changing the coordinates, the time 9 runs 0 < 6* < 7r/2. The open string metric and 
the open string coupling become 


ds1 = -I- dcj)^ -I- cot^ (j)d'^X+ + tan^ 9d‘^X_, 


(4.55) 


open 


1 


(4.56) 



Therefore the Laplacian is given by 



cos (pd^ + tan^ + cot^ 9dl_. 


(4.57) 


No harmful thing seems to happen because the eigenfunction equation of the Laplacian 
can be reduced to harmonic analysis for S'L(2, M)/17(l) and SU{2)/U{1) WZW models. 
Thus, we may conclude that CTCs on the brane are not so pathological in the same 
meaning as CTCs in the bulk. In section El we make a more precise argument on this 
point. 

4.2.3 BA-brane 

The BA-brane is very similar to the AB-brane as we will see below. Dl-brane of this 
type is examined hrst. The DBI action is given by 




(4.58) 


where we set Fx^e = /• The Gauss constraint leads to 

6 C Ti sinh^ Of 


n 


\J cosh^ 6 — sinh^ 
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(4.59) 












with a constant 11 , which can be written as 




cosh^ 9 

^ sinh^ 9 + sinh^ 9 


(4.60) 


If we set n^/r^ = —then we can reproduce the geometry sinh0 < n. However, the 
DBI action becomes 


S = -n 


dX^d9 


\ 


sinh^ 9 cosh^ 9 
sinh^ 9 — ’ 


(4.61) 


which is imaginary for sinh 6 ' < k. Therefore the Dl-brane is unphysical due to the 
presence of supercritical electric held. 

Next, let us consider D3-brane with k, > 0, |.^| < 1. Exciting F 0 X+ = F+,F^x_ = 
F_, Fq^ = F, the DBI action is given by 


where 




-D 


d\+d\_d9d(j)\jsgnD cosh^ 9 sin^ 0/ 


(4.62) 


/ = -1 + {F+f tanh^ 9 - {F_f cot^ 0 - + 2F+F_F - F'^F^f!. (4.63) 


Inserting the solution F = F+F_ to the equation 0 = |^, the DBI action becomes 

S = —Ts J dX+dX-d9d(j)\J—sgnD{cosh‘^ 9 — Fl sinh^ 6 ')(sin^ (j) + F^ cos^ 0 ). (4.64) 


Since the equations of motion for Ha, , Ha_ are given by 




sinh^ 9F< 


we obtain 

__ 

-y/—sgnF(cosh^ 9 — F^ sinh^ 9) 
with constants Ci and 6 * 2 . Therefore we have 

cosh^ 9 

Fl = 




^2 = 


cos^ 4>F_ 


sin^ d) + Fl cos^ 


^sinh^0 + sinh2 0’ 


^- = - 


sin^ (j) 


Ci 


cos^ 


cos^ 


(4.65) 


(4.66) 


(4.67) 


Let us suppose Cf = sgaDn^ and F| = Then, we reproduce the condition sinh^ 9 < 
and cos^ 0 > from the fact that F^ should be non-negative. The DBI action 


f in 11 sinh^ 9 cosh^ 9 sin^ 0 cos^ 0 

S = -nj d9d4)dX.dX+^ sgnF(K2-sinh20)(cos20-e) 


(4.68) 
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is real for D > 0 and imaginary for D < 0. Therefore the D-brane is physical for D > 0 
and unphysical for D < 0. CTCs also exit on the branes in this case. 

The Laplacian computed using the open string metric is very similar to the AB-type 
case. We again assume that D > 0 and Cf > 0. The open string metric and the open 
string coupling are then given by 

dslp^n = —OidO^ + fddcp^ + a coth^ 6{d\+ + F_d(f)Y + /? tan^ (j){d\_ — F+dOy, (4.69) 


G. = 


aP 


where 


sinh^ 9 cos^ 0 ’ 


a = —1 + tanh^ 6Fl = 


sinh^ 9 


■smlP9 + Cr 


P = 1 + cot^ pF_ = 


cos^ p 


COS^ 0 — ^2 


(4.70) 


(4.71) 


We rewrite 


and change 


A+ + y F_{x)dx A+, 


cosh6' —0~+”^cos6*, 


A_ - F+{x)dx A_, (4.72) 


sin 0 —\Jl — C 2 sin p. (4.73) 


The time direction in the new coordinate 9 runs 0 < 0 < 7r/2. In the new coordinate 
system, the open string metric and the open string coupling are 

dslpen = —d9^ + dp^ + cot^ 9d\\ + tan^ pd\^_, (4.74) 

Gs = , ^ - . (4.75) 

0(1 + Cl){l — CDsivPdcoP^p 

The Laplacian is given by 

A =- ^051 cos 006) H-^0,6 sin 00,6 + tan^ 00? +cot^00? . (4.76) 

COS0 sm0 + 

Since the AB-brane is replaced by the BA-brane, roughly speaking, the roles of SU{2) 
and SL{2,M.) parts are exchanged. 


4.2.4 BB-brane 

Again the BB-branes are very similar to the AA-branes. Since the DO-brane corre¬ 
sponds to the case with sin0 = 1, the DBI action becomes 

S = —To J dX_e~^— det g 

= —To J dX-\/ sinh^ 0 — cosh^ 0(0)^. (4.77) 
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This system has a symmetry under time-translation, thus the energy is conserved. The 
total energy is given by 

To sinh^ 6 


E = ^4e-c = - _, 

\J sinh^ 6 — cosh^ 9{6Y 


(4.78) 


which can be represented by 


[OY - ^ ^ 


cosh 9 


This equation implies the motion of DO-brane 


sinh(A_ — A° ) sin 9 = —, 

To 


(4.79) 


(4.80) 


which reproduces the results obtained from the group theoretical considerations. The 
DBI action 

To sinh^ 9 


S = -To dA_- 


E 


(4.81) 


is real, so the DO-brane is physical. 

For the D2-brane, we excite only = F. The DBI action can be constructed from 

-det{g + B + F) = -D{1 + {9f) + D coth^ 9{9)^ - 2DF99' - F^D tan^ 0 + (9)^), 

(4.82) 

where we use 9 = Assuming that F = —9' 19^ the equation of motion for F i^w) ~ 
0) is reduced to 


f sin2 0 


^cosV + sin^^^ 




(4.83) 


or 


(00 


COS^ (j) 


1 

C2 


(0)2 7%sm"0 —sm“ 


(4.84) 


with a constant C. Since the energy momentum tensor is given by 


T\_ = —r 2 SgnD sinh^ 0, 


cos^(j) + sm ^ 


(0)2 


^ —sgnD(sinh^ 0 — cosh^ 0(0)^)' 
the conservation of the energy momentnm tensor 


= 0, (4.85) 


dx.Tt +dsT\ =0 


(4.86) 
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leads to 


sinh^ 6 


E = 


or 


-sgnZ)(sinh^ 9 — cosh^ 0(9^) 


2 _ ^sinl/0 + sinh2 0 


ior = 


cosh^ 9 


(4.87) 


(4.88) 


If we use = —sguDn^ and then we reproduce the geometry (ICTl from 

equations (Oil and (j4.88jl . The DBI action now becomes 


/I 

(iA+dA-d^.^ — 


sinh^ 9 sin^ 0 cos^ 0 


(4.89) 


-sgniAK2(sin^ (f) — 

which is real for iA < 0 and imaginary for ZA > 0. Therefore the D-brane is physical for 
Z) < 0 and unphysical for Z) > 0 due to the tachyonic behavior. The time direction for 
Z) < 0 is A_, so there are no CTCs on the brane. 

Wave functions on the D-branes seem to be also similar to the AA-type case. Suppose 
that Z) < 0, then the open string metric is computed as 

a[3 cot^ Y 


dslpen = PdcjY - a{9dX_ + 9'dcl)Y + 


a + P tanh^ 9 cot^ p 


-dXt 


with 


a = —1 + tanm 9 —— = 

(d)2 


sinh^ 9 


E"^ — sinh^ 9 ’ 


/9 = 1 + tan^ 


sin^ 0 


(d)2 sin <p — 


(4.90) 


(4.91) 


Changing the coordinate system from (A+,A_,0) into (A+,d,(/)), the open string metric 
and the open string coupling can be rewritten as 

aP cot^ p 


dSopen — —Oid9 + pdp + , 


a + P tanh 9 cot^ p 


dXi, 


a = 


aP 


\ cosh^ 9 sin^ p{a + tanh^ 9 cot^ pp) 
We further change the coordinates as 


coshd ^ VZA^ + 1 cos 9, 


cosp —>• Vl — cosp. 


(4.92) 


(4.93) 


(4.94) 


In the new parametrization (0 < 9 < t^/2)^ the open string metric and the open string 
coupling become 

cot^ p 


dsioen — 1 9 


G, = 


1 + tan^ 9 cot^ p 
1 


{E^ + 1) (1 — C^) (cos^ 9 sin^ p + sin^ 9 cos^ p) 


(4.95) 

(4.96) 
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Therefore the Laplacian is 


A =-cos Ode H-cos (j)ds + (tan^ 0 + tan^ 0)9? . (4.97) 

cos 0 cos 0 + 

Now that and generate parts of symmetry left over on the brane, the 

Laplacian inclnde 9 a+ both in 57/(2) and 5L(2,M) sectors. 


4.3 Effective actions on D-branes in region 2' 

As we saw in subsection EH the D-branes in region 2' are qualitatively different from 
those in region 1. Fortunately, the background in region 2' is just the one with replacing 
A+ by A_ in region 1 if we use the region —7r/2 < 0 < 0 for the 57/(2) part. Therefore, 
we can analyze the DBI action using the results in the previous subsection. Despite of 
the similarity, we will see that wave functions on D-branes in region 2' are quite different 
from those in region 1. 


4.3.1 AA-brane 


Now that we replace A+ by A_, the BB-brane of region-1 with the replacement A+ e->- 
A_ corresponds to the AA-brane in this case. Thus, for the D2-brane, the non-trivial 
components of gauge flux are 


F 


-Fa_A+ — —1, 




and the equations of motion reduce to 

{O'f _ cos^0 - 2 _ gf^sinh^g + sinh^g 

{Oy ^ sin"^ 0 — sin^ 0 ’ cosh^ 0 


(4.98) 


(4.99) 


If we assume that = sguDn? and then we reproduce the geometry (EID 

computed from the group theory. The DBI action 


5 = -T2 


dX+dX-d(f) 


\ 


sinh'^ 9 sin^ 0 cos^ 0 
sgnZ)K^(sin^ 0 ~ ^^) 


(4.100) 


is real for D > 0 and imaginary for D < 0. Therefore the D-brane is physical for D > 0 
and is unphysical for Z) < 0 due to its tachyonic behavior. The time direction for Z) > 0 
is A_, so there are CTCs on the brane contrary to the BB-brane in region 1. 

Suppose Z) > 0, then the open string metric and the open string coupling can be 
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computed as 


ds 


2 

open 


adO^ + 


a[3 cot^ 0 


0 tanh 9 cot^ (j) — a 


-d\^ 


(4.101) 


a = 


afd 


\ cosh^ 9 sin^ 0(0 tanh^ 9 cot^ 0 — a) ’ 


where 


a = 1 — tanm 9 —— = 


sinh^ 9 


(0)2 sinh^0 + E2’ 


0 = 1 + tan^ ^ 


sin^ 0 


(0)2 sin^ 0 — 


(4.102) 


(4.103) 


As we saw in the previous sections, the open string metric can take simpler form by 
performing the transformation of coordinates. In this case, it is convenient to divide into 
three cases; < 1, = 1 and E'^ > 1. In the S'L(2,M) WZW model, these cases 

correspond to dS 2 , light-cone and H 2 branes as mentioned before, and hence we have to 
treat all these D-branes separately. Since our model is a coset made from SL{2, M) x SU (2) 
WZW model, these three cases lead to different types of wave functions on D-branes. 

For E‘^ < 1, we choose the transformations 


cosh0 —Vl — E'^ cosh0. 


COS0 —Vl — COS0, 


then the open string metric and the open string coupling become 

cot^ 0 


dSopen = d^ +d0 - 


tanh^ 0 cot^ 0 — 1 


dAl, 


-y/(l — i?2) (1 — C^) (sinh^ 0 cos^ 0 — cosh^ 0 sin^ 0) 
Thus the Laplacian is given by 

A = —^-wde cosh 0(9^ -|- ^—ds cos (j)ds — (tanh^ 0 — tan^ 0)0? . 

cosh0 COS0 

For > 1, we change 


cosh 0 —— 1 sinh 0, 


cos 0 —Vl — COS0, 


(4.104) 

(4.105) 

(4.106) 

(4.107) 

(4.108) 


where 0 exists only when sinh 0 > Xj\JE‘^ — 1. The open string metric and the open string 
conpling become 


ds 


2 

open 


d9'^ + d(j)^ — 


cot^ 0 

coth^ 0 cot^ 0 



(4.109) 


G. = 


(77^ — 1) (1 — G^) (cosm 0 cos^ 0 — sinh^ 0 sin^ 0) 


(4.110) 
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thus the Laplacian operator is given by 

A = — \—desmh 6 d 0 -\ - ^—ds cos(j)ds — (coth^ 6* — tan^ 0)(9?_. (4-111) 

sinh 0 cos 0 

In both cases, the metrics and the Laplacians operators are very similar to those in the 
bulk of whisker regions, which is related to the fact that the D-branes are extended all 
the way to 9 = oo. 


4.3.2 AB-brane 

Here we can use the case of BA-brane of region 1 in order to construct AB-type 
D3-brane. The non-trivial components of gange flnx can be read as 


Fg\_ — -F+, 




Fe<j, — F+F_, 


(4.112) 


and the solutions to the Gauss constraints are given by 


Fl = 


cosh^ 6 


Ft = - 


sm 


^sinh^^ + sinh^^’ ^2 


COS^ <t> — COS^ I 


(4.113) 


If we set Cl = —sgnU/s;^ and then > 0 leads to cos^ 0 > which has been 

obtained previously. The DBI action is 


S = -T3 f ded(j)dX_dX+. - ^ 

J \ —sgnZl(sinh 


sinh^ 9 cosh^ 9 sin^ 0 cos^ 0 


' 9 + k2)(cos^ 0 — 


(4.114) 


For F < 0 it is real so the D-brane is physical, and for F > 0 it is imaginary so the 
D-brane is unphysical. CTCs exist on the branes in this case as well. 

Assnming F < 0, the open string metric and the open string coupling are 


dslpen = Oid9^ + 0d0^ — a coth^ 9dXl_ + /3 tan^ 0(iA+, 


where 

a = 1 — tanh^ 9F^ = 


a(3 


sinh^ 9 cos^ 0 ’ 


sinh^ 9 


(4.115) 


(4.116) 


sinh^ 9 +Cl' 


(3 = 1 + cot^ (j)Fl_ = 


cos 


cos^ (p — cl' 


(4.117) 


We consider two cases Cl < 1 and Cl > 1 also in this case. For Gf < 1, we change the 
coordinates as 


cosh^ —\Jl — Cl cosh 6*, 


sin 0 —\Jl — Cl sin 0, 


(4.118) 
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then the open string metric and the open string coupling become 


^^%en = ~ coth^ 9d\^_ + tan^ (j)d\\, 


\J{1 — Ci){l — Cl) sinh^ 9 cos^ 0 
The Laplacian operator is given by 

A = —\—;:de cosh 9d0 H- ^—ds sin (j)ds — tanh^ 981 + cot^ 0(9? 

cosh 6^ sin0 + 

For C1>1, we change 

cosh 9 ^ y/cf — 1 sinh 9, sin 0 —y/l — Cl sin 0, 


(4.119) 

(4.120) 


(4.121) 


(4.122) 


then the open string metric and the open string coupling become 

dslpen = ~ tanh^ 9d\^_ + tan^ 0(iA+, (4.123) 

Gs = , ^ (4.124) 

\J{Cl — 1)(1 — Cl) cosh^ 9 cos^ 0 

The Laplacian is 

A = — \—;:de sinh 9de H- ^—ds sin (pds — coth^ 9d1 + cot^ 0(9? . (4.125) 

smh 9 sm 0 ' + 

It might be interesting to notice that for SL{2,M.) part of the above two cases, the open 
string metrics or the Laplacian operators are of the form T-dual to each other along A_. 


4.3.3 BA-brane 


To study the BA-brane one can use the result of AB-brane of region 1. Then the 
non-trivial components of gauge flux are 


Fa_a+ — —1, Fgx_ — F0, F<f>\+ — F-1 


Fe4> — FVF_, 


and the solutions to the Gauss constraints are 

9 sinh^ 9 

= 


^cosh^^ + cosh'^’ 


^2 COS^ 0 

-^-1- ~ 1 4 


C; 


■ sm 0 — sm 


(4.126) 


(4.127) 


If we assign Cf = —sguDK^ and then > 0 means sin^ 0 > Since the DBI 

action is 


^ sinh^ 6^ cosh^ 6* sin^ 0 cos^ 0 

S = -r, jdedHX-dK^ -sg„Z)(cosr^» + 
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the D-brane is physical for D < 0 and unphysical for D > 0. There are CTCs on the 
D-brane as well. 

Assuming D < 0, the open string metric and the open string coupling are 


■^open 

Gs = 

where 

a = 1 — coth^ 9F'^ = 


dsljjen = + (ddcj)^ + P cot^ (pdX‘^_ — atanm 9dX^, 


aP 


cosh"' 9 sin^ p ’ 


cosh^ 9 


P = 1 + taiP pFl = — 


sm 


(4.129) 


(4.130) 


(4.131) 


cosh^ 9 + Cl’’ sin^ p — 

Because the B-brane in SL{2, M) WZW model is AdS 2 brane in AdS^, we do not need to 
divide into different cases. Changing the coordinates as 

sinh6* —Y^T+'^sinh 6*, cosp —>• \Jl — cosp, (4.132) 

the open string metric and the open string coupling become 

dslpen = d9‘^ + dp"^ + cot^ pdX^_ — tanh^ 9dX\, 

1 


a, = 


(1 + Cf){l — Cf) cosh^ ^sin^ p 


(4.133) 

(4.134) 


The Laplacian operator is 
1 


A = — ^r~^dg sinh 9dg H- -ds cos pds + tan pdi — coth 9di 

siuht* cos® ^ ^ ^ 


(4.135) 


4.3.4 BB-brane 


Here, once again, we should use the results of AA-brane of region 1 with A+ A_. 
The non-trivial components of gauge flux are 


and the equations of motion reduce to 


09 

dX+ 


= 0 , 


09 


= 0\ 


{9'y 


sm 


{9f = 


Op 

cosh"^ 9 + cosh^ 9 


(4.136) 


(4.137) 


(0)2 ^ cos"^ p — cos^ 0 ’ ^ sinh"' 9 

If we assign and = sgnZ)^^, then we can reproduce the geometry 

computed from the group theory. The DBI action in this case 


S = —T2 j dX+dX-dp^ 


cosh^ 9 sin^ p cos^ p 
sgnDK^{cos^ p — ^2) 


(4.138) 
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is real for D > 0 and imaginary for D < 0. Thus the D-brane is physical for D > 0 and 
unphysical for D < 0. For D > 0, A+ becomes time-coordinate, so CTC also exits on the 
D-brane. 

Assuming D > 0, the open string metric and the open string coupling are 


ds 


2 

open 


adO'^ + I3d(f)^ — 


tt/dtanh^ 6 
(3 — a tanh^ 6 cot^ 0 



(4.139) 


a, = 


ajS 


\ cosh^ 6 sin^ (j){f3 — a tanh^ 6 cot^ 0) ’ 


where 


a = 1 — cotm 6 —— = 


cosh^ 9 


(0)2 cosh^ 0-I-F'2 ’ 

Changing the variables 

sinh 0 —> vT+~E^sinh 0, 


/? = l + cos2'^^^'^ 


COS^ 0 


(0)2 COS^ (j) — 


sm 


(j) —>• Vl — C2 sin 0, 


the open string metric and the open string coupling become 


= de^ + 


tanh^ 0 


1 — tanh 0 cot^ 0 


dAi, 


2 A + 


G = 

^(1-1- E‘^) (1 — C2) (cosh^ 0 sin^ 0 — sinh^ 0 cos^ 0) 
The Laplacian operator is given by 

A = —sinh Ode H- ^—d<b sin — (coth^ 0 — cot^ 0)9? . 

smh0 sm0 + 


(4.140) 

(4.141) 

(4.142) 

(4.143) 

(4.144) 

(4.145) 


5 Wave functions 

In this section, we would like to examine solutions to the eigenfunction equations of 
the Laplacians for both the bulk and the D-brane cases. Closed string spectrum at low 
energy can be examined by using the following effective Lagrangian for a scalar held T 
(wave function); 

C = (5.1) 

The equation for small huctuations reduces to the eigenvalue equation of the Laplacians 
dZHl), (ICTD . Since the expressions of Laplacian are separated into SU{2) and S'L(2,M) 
parts, we study the wave functions in the next two subsections separately. Open string 
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spectrum on D-branes at low energy can be read off similarly from the effective Lagrangian 
for a scalar field 


L = (5.2) 

where one has to use the open string metric and the open string coupling Thus, we 
study the eigenvalue equation of the Laplacian given in terms of the open string quantities 
in order to read off the open string spectrum. 


5.1 SU{2) part 

Let us hrst consider the closed string case.^^ The Laplacian for SU{2) part is given 
by (EHl), (1^1^ 

A =- ^ - -dAcos (j) sin (())ds + tan^ 05? + cot^ 05? 

cos 0 sm 0 + 

= Adyvil - y)dy + (5.3) 

where we make a change of variable y = sin^ 0 in the second equation. We investigate the 
eigenvalue equation of the Laplacian 


(A + 4A)T(|/,A+,A_) = 0, 


and a solution to the equation is given by 

i(!/, A+, A_) = !/“(!- 


(5.4) 


(5.5) 


with a hypergeometric function 


F{y) = F 


\m\ + \n\ 


+ ^ + 1 , 


m + n 


(.1+ \m[,y 


(5.6) 


2 2 

Here we set A = Z(Z + 1) — The wave function must be regular at y = 0,1 such 

that the norm ^Qdyy^~^{l — y)^~^\F\^ should be hnite (see |H]). The above solution is 
chosen to be hnite at ?/ = 0. In order to see the hniteness at ?/ = 1, it is convenient to use 
a formula 


lim 

z^l-O 


k 

F(a,0,7;2) - ^(-1) 


n=0 


r(Q; + 0 - 7 - n)r(7) 
r(a)r( 0 )n! 


X 


r(7-Q( + n)r(7-0 + n) _ 

r(7-«)r(7-0) ^ ^ 


r(7)r(7-«-0) 

r(7-«)r(7-0)’ 


^^Wave functions in SU{2) part were also studied in m for both closed strings and open strings. 
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where Re(a + /3 — 7 ) > 0 and k is the maximal integer number less than Re(a + /3 — 7 ). 
Because the coefficients of the second term in the bracket must be zero, we have to set 
jS = — I = —s with s = 0,1, 2, • ■ ■. Satisfying this condition, we can show that the 

right hand side is hnite. Note that the condition implies —l<m,n<l. 

For the open string case we have two types of Laplacian operators 

A = , ds sin + cot^ , A = —cos + tan^ • (5.8) 

sm 0 COS 0 

Since the second one can be analyzed by replacing y = sin^ (f) ^ 1 — y = cos^ (j), we 
concentrate on the hrst one.^'^ We rewrite the Laplacian as 

A = Ay{l - y)dy + (4 - 6y)dy + -—-df , (5.9) 

y 

and use the following ansatz for the solution to the equation (A + dA)^/ = 0: 

^iy,X_) = y^e^^^-F{y). (5.10) 


The solution hnite at y = 0 to the eigenvalue equation is 


F 


\m\ — I \m\ + / + 1 


, 1 + \m\,y 


(5.11) 


where we set A = l{l + 1 ) — m^. As seen in the previous sections, the boundary is always at 
y = 1, and hence we have to assign boundary conditions to F{y) at y = 1. The condition 
F{y = 1) = 0 reduces to I = \m\ + 1 + 2s with s = 0,1,2,---, while the condition 
dyF{y)\y=i = 0 reduces to I = \m\ + 2s. At this stage, we do not know what kind 
of boundary condition we should assign. For instance, for B-branes in the parafermion 
theory, we have to use both types of boundary condition jTT] . 


5.2 5'L(2, M) part 

In the closed string case, we have two types of Laplacian (jZHl), ( 1 ^^ 

A =- ^ - -deicos 6 sin 6)80 + 6 dl + cot^ 6*9? , (5.12) 

cos 6* sm 6* + 

^ = — r~^ —r-:96)(cosh 9 sinh 6)80 — tanh^ 6*9? — coth^ 6*9? . (5.13) 

cosh 0 sinh 0 ^ ^ ^ ^ 

Rewriting y = sin^ 6 * in the hrst one and y = — sinh^ 6 * in the second one, both the 

Laplacians reduce to 

A =-A8yy{l-y)8y +j^8l^ + ^—U^8l_. (5.14) 

the parafermion theory SU{2)/U{1), the difference between two cases is important and they 
correspond to A-brane and B-brane by gauging ?7(1) im 
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Note that the range of ?/ is 0 < ?/ < 1 in the hrst case and ?/ < 0 in the second case. 
Comparing with the Laplacian for SU{2) part the eigenfunctions are easily obtained 
from the SU{2) counterpart (jh.hji with by replacing \m\ —>■ ±im and \n\ —>■ ±in 
(and renaming j as 1). There are two independent solutions among the four, and we 
pick up one linear combination by assigning boundary conditions. For the SU{2) part, 
the normalizability condition uniquely determines the linear combination, as seen above. 
However, for the S'L(2,M) part, many linear combinations are allowed, and we have to 
appropriately choose them according to the physics required. 

Let us first consider the region 2', and start from the bulk case, which was already 
examined closely in IlH]. We use j > — | or j = — ^ + is with s > 0 to construct 
(delta-functional) normalizable wave functions 

T = (1 - yy^Fiv). (5.15) 


For j > — i, the wave function is uniquely determined by normalizability condition as 


. , . i(m+n) , ,_/i(m + n) i(—m + n) l\ 

F{y) = i-y) - ^ - +J + h - - + J + 1, 2j + 2; - j (5.16) 


up to normalization. This wave function decays like T ~ at 0 —>■ cx) and corre¬ 

sponds to a bound state localized around 9 = 0. For j = — | is, the normalizability 
does not specify unique linear combinations.^® A natural choice may be i-shi 1 1 


F(y) 


F(hr^ + J + 1)F(^^ + J + 1) 
F(1 -1- im)F(2j -I- 1) 


^ f i(m + n) . ^ i(m + n) . ^ ^ 

X F - - +3 + 1, --- j,l + im;y 


(5.17) 


whose asymptotic behavior at ?/ —>■ 0 is T ~ Namely, there is only out-going wave 
near y ~ 0. If we take y —> —oo {6 —>■ oo) limit, then the wave function behaves 




(5.18) 


where the reflection coefficient is 

F(-2j - 1)F(^^^ +3 + 1)F(^^^ + J + 1) 


R{j, m, n) = 


F(2j + 1)F(^^^ - 3)TC^F!ipl _ j) 


(5.19) 


2 \ 2 

Thus the wave function can be interpreted as the linear combination of in-coming and 
out-going waves with the reflection coefficient R{j,m,n) (j5.19jl near 6^ ~ cx).^® As shown 


^®See for a detailed investigation on wave functions in Lorentzian AdSs. 

^®Here we assumed that A_ is the time and m > 0 as in ca Other cases can be analyzed in a similar 
manner. 


41 
















in na, the reflection coefficient can be reproduced from the CFT analysis as the two 
point function. Notice that the absolute value 




cosh7r(m — 2s) + coshvm 
cosh 71 [m + 2s) + cosh vm 


(5.20) 


is always less than one, thus there must be transition to the other regions. The existence 
of CTC affects only the labels m and n to be integer through the gauge identification m- 
This is analogous to the trivial closed time-like curve case, such as, compactiflcation of 
the time, which can be undone easily. In the simple example, the energy is also quantized 
due to the compactiflcation. It might be also interesting to notice that the wave functions 
do not show any pathological behavior on the top of the domain wall tanh^ 9 cot^ 0 = 1 
(ITTUl) . This is because the wave functions are given by the direct product of SU{2) and 
S'L(2,M) parts. 

Wave functions for the open strings are quite similar to those for the closed strings. 
Let us focus on BA-brane (or BB-brane) in region 2'. The wave functions are obtained by 
linear combinations of dEHB with (iniD with replacing \m\ by ±im. The wave functions 
are like ()5.16|) for j > —1/2 and (I5.17j) for j = —1/2 -|- is. The only difference is that the 
original coordinates are shifted as (j4.1d2j) . thus the reflection coefficient ()5.19|1 includes 
extra factor (coshr)^-^’*'^ with Ci = sinhr in the original coordinate system. The same 
factor, which is associated with the boundary condition, appears in the case of Euclidean 
AdS^ [52] or Euclidean two dimensional black hole |53j . 

Next we consider the bulk case in region III In this case, the parameter y takes the 
value 0 < ?/ < 1, and a natural choice of wave functions are analytic continuation of those 
in region 2’ {y < 0) as suggested in [121 . Therefore, we use again the same wave functions 
()5.16|) for j > —1/2 and (15.1711 for j = —1/2 -f- is but with a different parameter region 
0 < 1/ < 1. Note that in this case there is no asymptotic region ?/ ~ — cx) but big crunch 
singularity sX y = 1. Let us focus on j = —1/2+ is case. Now that 9 is the time direction, 
the wave function ([ni[) can be regarded as a negative frequency mode of expansion of 
scalar field 


T ~ Cie-^rn\.-in\+y-i7^ ^tgimA_+mA+^if ('g ^l) 

near the big bang singularity at ?/ = 0. Here we use m > 0 as before and denote a, 
as the creation and annihilation operators respectively. This means that the in-state is 
given by many particle state, and this is consistent with the fact that there is a transition 
from the region 2' as seen above. 

can obtain results for region III by replacing A+ ^ A_ in those for region II. 
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In order to see the properties of wave functions in region III, we set m = —\m\ 
(opposite to the previous case) and n = —\n\ and change the normalization as 

^ (5.22) 


with 




(5.23) 

Moreover, we choose the vacuum state as the initial state at y = 0. However, near the 
big crunch singularity at ?/ = 1, it might be natural to expand 




(5.24) 


namely, we use the expansion with 


1 / *' 2 ' (1 — ?/)*' 2 ' / i(\m\ — \n\) i(\m\ — \n\) . . , 

Uciy) = - - ^ r— F I - o + J - o - J, 1 + *1^1; 1 - 2/ I • 




(5.25) 


This expression is obtained by Bogolubov transformation of the former one 
Uc{m,n) = a{m,n)uh{m,n) + (3{m,n)ul{—m, —n), 

Ub{m, n) = Q*{m, n)uc{m, n) — P{m, n)u*^{—m, —n), 

where 

aim, n) = 

Pirn, n) = 


(5.26) 



m 

Til + t 

m\)T{i 

n\) 


n 

r(hH+H) ^ ^■ + i)r('( 

l"i! + |n|) 



m 

r(i -i 

m )r(i 

n\) 


n 

p^4(-H + |n|) 

-|m| + |)4|) 


(5.27) 


These coefficients satisfy \ap — |/3p = 1. The out vacuum is determined by the mode 
expansion with (lOhl) . Therefore, the transition between the initial vacuum state and the 
hnal many particle state is (see, e.g., [SH ESI ES]) 

Pim,n) r(z|n|)r(-i(^^ + j + l)r(-i(^^ - j) 


-i*ij,m,n) = 


a 


(m, n)* r(-*|n|)r(-»^ + j + i)r(- ^(H-N) _ ' 


(5.28) 
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The absolute value is related to the particle creation rate 




cosh 27rs + cosh 7r(|m| — |u|) 
cosh27rs + cosh7r(|m| + |?7,|) ’ 


(5.29) 


which is of order 0{1) in general. In the string theory context, there is Hagedorn tower of 
closed strings at high energy, and hence we expect many closed string emission with high 
energy, which may lead to large back reaction.^® In the open string case, the situation 
is very similar to the bulk case as before, and we have boundary condition dependent 
factor like in the transition amplitude (j5.28j) . The transition function has been 

conjectured to correspond to a two point function |55l I56j . and it is therefore important 
to compare our result to that obtained by CFT analysis. 


6 Conclusion 

In this paper, we have investigated properties of D-branes in the Nappi-Witten (NW) 
model [13], a gauged WZW model based on the coset (S'L(2,M) x SU{2))/{U{1) x t/(l)). 
This four dimensional model consists of cosmological regions with big bang/big crunch 
singularities and whisker regions with closed time-like curves (CTCs). Since the model 
can be dehned as a gauged WZW model, strings in the background should be well-behaved 
as emphasized in |15j . 

D-branes in this coset theory can be obtained by descending from maximally symmetric 
and symmetry breaking branes in SL{2, M) X su{2) jsniiHni. We have constructed DBI 
actions for these D-branes and have shown that their classical configurations are consistent 
with the group theoretic results. Typically, D-branes see the background metric differently 
from strings, and the D-brane metrics can be read from the DBI actions. In particular, 
we have shown that the D-brane metrics do not include singularities associated with big 
bang/big crunch points in the cosmological regions. One may expect, naively, that DO- 
brane feels the singularities more severely than string because DO-brane is a point-like 
object, but it is not the case, as we have discussed. This may have originated from the 
fact that the model discussed in the paper is constructed as a gauged WZW model, and 
hence even D-branes do not see any pathologies related to the singularities. We have, 
however, neglected the back reaction of the D-brane probes, and it would be important 
to include it in order to obtain more definite conclusion. The back reaction of strings or 
D-branes to the background could be investigated by computing higher point functions 
or higher order corrections, which deserves further study. In fact, it has been conjectured 
^®Similar results are obtained in the models of analytic continuation from SL{2,M.)/U{1) WZW model 

mEOj. 
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in EH EH] that the condensation of strings in twisted sectors resolves the singularities in 
Misner space. 

Open string spectra on D-branes in the low energy limit can be read off from the 
eigenfunctions of the Laplacians represented in terms of open string metrics and open 
string couplings [HJ. Even though the DBI actions and their classical conhgurations 
seem to be complicated, the eigenvalue equations themselves are quite simple due to the 
coset construction. In particular, we can separate the SU{2) and S'L(2,M) parts, and the 
results reduce to harmonic analysis in SU{2)/U{1) and S'L(2, M)/17(l) theory. Therefore, 
we do not expect any pathology even if D-brane wraps CTC in a whisker region. However, 
in order to obtain more rigorous results on open string spectra, we have to face the full 
CFT analysis. In particular, we should construct boundary states for D-branes studied 
in this paper, for example, by following the general methods given in To make 

full CFT analysis, it might be useful to investigate a simpler case, namely, open strings 
in Misner space 133. where it seems easier to understand the origin of pathologies from 
singularities. The superstring extension is also important in order to study the stability 
of both the background and the D-branes. 
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A D-branes in Misner space 

In this appendix, we would like to see some properties of D-branes in the Misner space. 
Misner space can be obtained by orbifolding a two dimensional Minkowski space-time 
by a Lorentz boost The space-time can be divided into four regions across 

the line x^x~ = 0. Two regions x^x~ > 0 are known as the cosmological regions, where 
may have to use boundary states in Lorentzian AdSs recently proposed in m 
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(A) DO-brane 


(B) Dl-brane 


Figure 2: (A) DO-brane propagates from past infinity to future infinity by passing a whisker 
region. (B) Dl-brane wraps the whole space-time and it may include gauge flux on it. 

the metric is 

ds^ = —dt^ + t^d'ijj'^ (A.l) 

with the periodicity -0 ~ ■0 + 27r. Here we performed coordinate transformations = 
te^'^. One region begins with infinite large volume at far past t ~ — cxo, and meets a big 
crunch singularity at t = 0. Another region starts from big bang singularity at t = 0 and 
ends with inhnite large volume at far future t ^ oo. The other two regions with x^x~ < 0 
are the so called whisker regions, where the metric is given by 

ds^ = dr'^ - r'^dr'^ (A.2) 

with Due to the periodicity r ~ r + 27r, there are CTCs in these regions. It 

can be seen easily that this space has a structure very similar to the model discussed in 
this paper.String theory in this space has been investigated, e.g., in 13 ESI EZl EH IMl • 
D-branes in Misner space may be obtained by utilizing orbifold method. In we 
have DO-brane passing from infinite past to infinite future, and Dl-brane with non-trivial 
gauge flux on its worldvolume. The trajectory of a particle (DO-brane in our case) in 
Misner space is given in as follows. It starts from far past in the cosmological region 
t ~ —oo and approaches spirally into the big crunch singularity. Then it crosses a whisker 
region and goes to the other cosmological region (see hgure El). For Dl-brane, we can 
construct only brane wraping the whole space-time. The gauge flux on it is obtained by 
minimizing the DBI action. In the cosmological regions we have 

S = -nj dtdfi^D - (A.3) 

^°See ini] for the singularity structure in Misner space. 
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Thus the gauge flux can be computed from the Gauss constraint 


_ TiFt^ 

SF,t ^ 




In the whisker regions, similar analysis leads to the gauge held 


= 
rr 


1 + 


z!_ 

n2 


(A.4) 


(A.5) 


We hope to present a more detailed report on the analysis of the D-branes including the 
boundary states for them in near future isg. 
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